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Abstract
We algebraically characterize the Davis hyperbolic 4-manifold as the orbit space of the unique
torsion-free normal subgroup of index 14,400 of the (5,3,3,5) Coxeter simplex reflection group
acting on hyperbolic 4-space. We determine the homology, injectivity radius, and the group of
isometries of the Davis manifold. We show that the Davis manifold is a spin manifold. Ó 2001
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1. Introduction
The Davis hyperbolic 4-manifold [3] is the simplest and most well known example
of a closed orientable hyperbolic 4-manifold. The Davis manifold was constructed
geometrically by gluing together the opposite sides of a regular 120-cell in hyperbolic
4-space. Davis [3] showed that his manifold is the orbit space of a normal subgroup K of
index 14,400 of the (5,3,3,5) Coxeter simplex reflection group Γ acting on hyperbolic
4-space H 4.
Everitt and Maclachlan [4] have algebraically constructed a closed orientable hyperbolic
4-manifold as the orbit space of a normal subgroup K of index 14,400 of the (5,3,3,5)
Coxeter simplex reflection group Γ . Everitt and Maclachlan mention in their paper [4] that
their manifold may well be isometric to the Davis hyperbolic 4-manifold. In this paper, we
show that the hyperbolic 4-manifold constructed by Everitt and Maclachlan [4] is the Davis
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hyperbolic 4-manifold by proving that the (5,3,3,5) Coxeter simplex reflection group Γ
has a unique normal subgroupK of index 14,400.
In this paper, we take the opportunity to report our calculation of the homology of the
Davis hyperbolic 4-manifold. We also determine the injectivity radius and the group of
isometries of the Davis hyperbolic 4-manifold and show that the Davis manifold has a spin
structure.
2. A characterization of the Davis hyperbolic 4-manifold
In this section, we algebraically characterize the Davis hyperbolic 4-manifold as the
orbit space of the unique torsion-free normal subgroupK of index 14,400 of the (5,3,3,5)
Coxeter simplex reflection group Γ acting on hyperbolic 4-space.
Abresch and Schroeder [1] proved that Γ has a unique torsion-free normal subgroup that
acts on H 4 with a regular 120-cell as its fundamental domain. In the following theorem
we replace Abresch and Schroeder’s condition on the geometry of the fundamental domain
with the algebraic condition of index 14,400 and give a purely algebraic characterization
of the Davis hyperbolic 4-manifold.
Theorem 1. The (5,3,3,5) Coxeter simplex reflection group has a unique torsion-free
normal subgroup of index 14,400.
Proof. Let ∆ be a (5,3,3,5) Coxeter 4-simplex in hyperbolic 4-space H 4 and let Γ be
the group generated by the reflections in the sides of ∆. The group Γ is discrete with
fundamental domain∆. The Γ -images of∆ form a tessellation T ofH 4 and Γ acts freely
on the simplices of the tessellation T . The simplex ∆ has a vertex v whose stabilizer Γv
in Γ has order 14,400 (in fact, ∆ has two such vertices). The star of the vertex v in the
tessellation T is a regular 120-cell P with dihedral angle 2pi/5. The stabilizer Γv is the
group of symmetries of P .
Let K be a torsion-free normal subgroup of Γ of index 14,400. The group generated by
the side-pairing transformations of P that yields the Davis manifold is such a group.
We claim that P is a fundamental polyhedron for K . Let P ◦ be the interior of P in H 4.
First we show that the K-images of P ◦ are mutually disjoint. On the contrary, suppose k
is a nonidentity element of K such that kP ◦ intersects P ◦. Then there is a simplex σ in
P of the tessellation T such that kσ is a simplex σ ′ in P . But there is a unique element
g of Γ such that gσ = σ ′ and g is in Γv , which is a contradiction, since K is torsion-free
and Γv is finite. Now if k and k′ are elements of K such that kP ◦ intersects k′P ◦, then
P ◦ intersects k−1k′P ◦; whence k−1k′ = 1 and so k = k′. Hence the K-images of P ◦ are
mutually disjoint.
Next, we show that the union of all the K-images of P is H 4. Let x be a point of
H 4. Then there is an element g of Γ such that x is in g∆. Now Γv is a set of coset
representatives forK , sinceK is torsion-free andΓv is finite of order 14,400. Hence there is
an element k ofK and an element f of Γv such that g = kf . Then x is in gP = kf P = kP .
Hence the union of all the K-images of P is H 4. Thus P ◦ is a fundamental domain forK .
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The above argument shows that the Γ -images of P are the K-images of P . Therefore
the set of K-images of P is the regular tessellation P of H 4 induced by reflecting in the
sides of P . See Coxeter [2] for a description of the tessellation P . Hence P is an exact
fundamental polyhedron forK; see §6.6 of [6] for definitions. Therefore the sides of P are
paired by elements of K . Let S be a side of P . Then there is a unique element kS ofK that
pairs S to another side S′ of P by Theorem 6.6.3 of [6].
Let −S be the side of P opposite to S. We claim that S′ = −S. Assume otherwise; then
there is a symmetry f of P that fixes S and that maps S′ to S′′ 6= S′. The element f kSf−1
is in K , since K is a normal subgroup of Γ . Now kS = rS ′h where rS ′ is the reflection in
the side S′ and h is a symmetry of P such that h(S)= S′. Observe that
f kSf
−1 = f rS ′f−1f hf−1 = rf (S ′)f hf−1 = rS ′′f hf−1
and
fhf−1(S)= f h(S)= f (S′)= S′′.
Therefore f kSf−1 is an element of K that pairs S to S′′, which is a contradiction, since
there is a unique element of K that pairs S to a side of P . Thus S′ = −S. Hence, the side-
pairing maps must be of the form kS = r−ShrM where h is a symmetry of P that fixes −S
and rM is the reflection in the hyperplaneM midway between S and −S.
Let f be a symmetry of P that fixes −S. Then we have
f kSf
−1 = f r−Sf−1f hf−1f rMf−1 = r−Sf hf−1rM.
As f kSf−1 is in K and pairs S to −S, we must have f hf−1 = h. Thus h is in the center
of the symmetry group of −S. Now −S is a regular dodecahedron, and so h is either the
identity on −S or the antipodal map on −S.
Now if f is a symmetry of P , then f kSf−1 = kf (S). Hence all the side-pairing maps
are conjugate. Thus if h is the antipodal map on −S, then this is always the case. Notice
that hrM would then be the antipodal map of P . This would imply that each vertex of P is
only paired to its antipodal image. Thus vertex cycles would have only two elements; but
to build a hyperbolic manifold, vertex cycles must have 600 elements, since 600 copies of
P meet at each vertex of P in the tessellation P . Thus, we must have kS = r−SrM and so
K is unique. 2
It is worth noting that 14,400 is the smallest index of a torsion-free subgroup of the
(5,3,3,5)Coxeter simplex reflection group Γ , since Γ has a subgroupΓv of order 14,400,
and so the elements of Γv lie in different cosets of any torsion-free subgroup of Γ .
3. The homology of the Davis hyperbolic 4-manifold
The regular 120-cell P has 600 vertices, 1200 edges, 720 ridges each of which is a
regular pentagon, and 120 sides each of which is a regular dodecahedron. The side-pairing
defining the Davis hyperbolic 4-manifoldM identifies all 600 vertices to one vertex cycle,
identifies 20 edges within each cycle of edges, identifies 5 ridges within each cycle of
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ridges, and identifies 2 sides within each cycle of sides. Therefore, the cell structure of P
projects to a cell structure ofM consisting of one 0-cell, 60 1-cells, 144 2-cells, 60 3-cells,
and one 4-cell. Thus the Euler characteristic χ(M) of M is given by
χ(M)= 1− 60+ 144− 60+ 1= 26.
From the corresponding cellular chain complex, we computed the homology of the Davis
hyperbolic 4-manifoldM , with integer coefficients, to be free abelian, with Betti numbers
β0 = 1, β1 = 24, β2 = 72, β3 = 24, β4 = 1.
In their paper [4], Everitt and Maclachlan computed the first homology of their hyperbolic
4-manifold and their calculation agrees with our calculation of the first homology of the
Davis hyperbolic 4-manifold. It is an indication of the complexity of the Davis hyperbolic
4-manifold that both homology calculations were done with the aid of computer programs.
It is also reassuring that two different computer programs computed the same homology.
The first homology of the Davis manifold M can also be computed by abelianizing the
group presentation for the fundamental group of M given by the side-pairing for the 120-
cell P that defines M . The second and third homology of M can be derived from the first
homology of M by Poincaré duality and the fact that χ(M)= 26.
4. The fundamental group of the Davis hyperbolic 4-manifold
In this section, we give a representation of the fundamental group of the Davis
hyperbolic 4-manifold in the Lorentz group O(4,1). We also give a presentation of the
fundamental group of the Davis manifold with generators the 120 side-pairing maps of the
120-cell that define the Davis manifold.
Lorentzian 5-spaceE(4,1) is the inner product space consisting ofR5 with the Lorentzian
inner product defined by
x ◦ y = x1y1 + x2y2 + x3y3 + x4y4 − x5y5.
A real 5× 5 matrix A is said to be Lorentzian if A preserves the Lorentzian inner product.
The group of all 5× 5 Lorentzian matrices is the Lorentz groupO(4,1).
We shall work in the hyperboloid model of hyperbolic 4-space
H 4 = {x ∈E(4,1): x ◦ x =−1 and x5 > 0}.
The distance d(x, y) between two points x and y in H 4 is given by the formula
cosh
(
d(x, y)
)=−x ◦ y.
A Lorentzian 5× 5 matrix A is said to be positive or negative according as A maps H 4 to
H 4 or −H 4. The isometries of H 4 correspond to the positive Lorentzian 5× 5 matrices.
Let τ = (1+√5)/2 be the golden ratio and set
κ =√1+ 3τ .
We situate a (5,3,3,5) Coxeter 4-simplex ∆ in H 4 so that the sides of ∆ have Lorentz
normal vectors
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s1 = (0,0,0,−1,0),
s2 =
(
0, (1− τ )/2,1/2, τ/2,0),
s3 = (0,0,−1,0,0),
s4 =
(
(1− τ )/2, τ/2,1/2,0,0),
s5 = (τ + 1,0,0,0, κ).
The vertex vi of ∆ opposite the side with normal vector si is given by the equations
v1 =
(
(2+ 3τ )κ, (1+ τ )κ,0, κ,5+ 8τ),
v2 =
(
(1+ τ )κ, κ,0,0,2+ 3τ ),
v3 =
(
τκ, (−1+ 2τ )κ/5, (3− τ )κ/5,0,1+ 2τ),
v4 = (κ,0,0,0,1+ τ ),
v5 = (0,0,0,0,1).
The vertices v1 and v5 both have stabilizers of order 14,400 in Γ . We choose v = v5 as
in the proof of Theorem 1. Then the vertices v1, v2, v3, v4, v5 correspond respectively to a
vertex, center of an edge, center of a ridge, center of a side, and the center of the 120-cell
P in the proof of Theorem 1.
The 120 side-pairing maps for the 120-cell P defining the Davis manifold M are
represented by symmetric Lorentzian 5× 5 matrices of the form
1+ a211+a5
a1a2
1+a5
a1a3
1+a5
a1a4
1+a5 a1
a1a2
1+a5 1+
a22
1+a5
a2a3
1+a5
a2a4
1+a5 a2
a1a3
1+a5
a2a3
1+a5 1+
a23
1+a5
a3a4
1+a5 a3
a1a4
1+a5
a2a4
1+a5
a3a4
1+a5 1+
a24
1+a5 a4
a1 a2 a3 a4 a5

.
The vector (a1, a2, a3, a4, a5) is the center of the 120-cell adjacent to P that is the
translated image of P by the corresponding side-pairing map of P . All 120 matrices
representing the side-pairing maps have a5 = 3+ 6τ . We call (a1, a2, a3, a4) the direction
vector for the corresponding side-pairing map of P . The 120 direction vectors can be
obtained from one of the three vectors(
(1+ τ )κ, (1+ τ )κ, (1+ τ )κ, (1+ τ )κ),(
(1+ 2τ )κ, (1+ τ )κ, τκ,0),(
(2+ 2τ )κ,0,0,0)
by a change of sign of the coordinates and an even permutation of the coordinates.
To save space, define
c1 = τκ, c2 = (1+ τ )κ, c3 = (1+ 2τ )κ, c4 = (2+ 2τ )κ.
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Table 1
Table of direction vectors for the first 60 side-pairing maps of the 120-cell P defining the Davis
hyperbolic 4-manifold
1. (c4, 0, 0, 0) 21. (c2, c1,−c3, 0) 41. (c1, 0,−c3,−c2)
2. (c3, c2, c1, 0) 22. (c2, 0, c1, c3) 42. (c1,−c2, 0, c3)
3. (c3, c2,−c1, 0) 23. (c2, 0, c1,−c3) 43. (c1,−c2, 0,−c3)
4. (c3, c1, 0, c2) 24. (c2, 0,−c1, c3) 44. (c1,−c3, c2, 0)
5. (c3, c1, 0,−c2) 25. (c2, 0,−c1,−c3) 45. (c1,−c3,−c2, 0)
6. (c3, 0, c2, c1) 26. (c2,−c1, c3, 0) 46. (0, c4, 0, 0)
7. (c3, 0, c2,−c1) 27. (c2,−c1,−c3, 0) 47. (0, c3, c1, c2)
8. (c3, 0,−c2, c1) 28. (c2,−c2, c2, c2) 48. (0, c3, c1,−c2)
9. (c3, 0,−c2,−c1) 29. (c2,−c2, c2,−c2) 49. (0, c3,−c1, c2)
10. (c3,−c1, 0, c2) 30. (c2,−c2,−c2, c2) 50. (0, c3,−c1,−c2)
11. (c3,−c1, 0,−c2) 31. (c2,−c2,−c2,−c2) 51. (0, c2, c3, c1)
12. (c3,−c2, c1, 0) 32. (c2,−c3, 0, c1) 52. (0, c2, c3,−c1)
13. (c3,−c2,−c1, 0) 33. (c2,−c3, 0,−c1) 53. (0, c2,−c3, c1)
14. (c2, c3, 0, c1) 34. (c1, c3, c2, 0) 54. (0, c2,−c3,−c1)
15. (c2, c3, 0,−c1) 35. (c1, c3,−c2, 0) 55. (0, c1, c2, c3)
16. (c2, c2, c2, c2) 36. (c1, c2, 0, c3) 56. (0, c1, c2,−c3)
17. (c2, c2, c2,−c2) 37. (c1, c2, 0,−c3) 57. (0, c1,−c2, c3)
18. (c2 c2,−c2, c2) 38. (c1, 0, c3, c2) 58. (0, c1,−c2,−c3)
19. (c2, c2,−c2,−c2) 39. (c1, 0, c3,−c2) 59. (0, 0, c4, 0)
20. (c2, c1, c3, 0) 40. (c1, 0,−c3, c2) 60. (0, 0, 0, c4)
We now order the 120 side-pairing maps of P so that the ith side-pairing map, for
i = 1,2, . . . ,60, has direction vector listed ith in Table 1. We order the remaining 60
side-pairing maps so that the (121− i)th side-pairing map has direction vector equal to
the negative of the vector listed ith in Table 1.
By Poincaré’s fundamental polyhedron theorem, see Theorem 11.2.2 of [6], the
fundamental group of M has a presentation with 120 generators xi, i = 1, . . . ,120,
corresponding to the 120 side-pairing maps of the 120-cell P in the same order as above,
60 side-pairing relations, xix121−i = 1, with i = 1, . . . ,60, and 144 ridge cycle relations
xixjxkx`xm = 1 where (i, j, k, `,m) is one of the 5-tuples listed in Table 2.
5. The inside-out isometry of the Davis hyperbolic 4-manifold
The Coxeter diagram of the (5,3,3,5) Coxeter 4-simplex∆ reads the same forwards as
backwards and so ∆ has an isometric involution σ . In this section we show that σ induces
an “inside-out” isometry σ¯ of the Davis hyperbolic 4-manifold with respect to its 120-cell
fundamental domain. We shall refer to σ¯ as the inside-out isometry of the Davis manifold.
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Table 2
Table of indices for the ridge cycle relators for the Davis hyperbolic 4-manifold fundamental group
(1, 108, 45, 34, 119) ( 5, 102, 54, 26, 114) (14, 85, 60, 37, 106) (23,92, 44, 50, 84)
(1, 109, 44, 35, 118) ( 5, 104, 52, 27, 112) (14, 86, 54, 38, 105) (23,96, 41, 59, 82)
(1, 110, 43, 36, 117) ( 5, 106, 46, 33, 110) (14, 87, 52, 40, 103) (24,85, 47, 45, 91)
(1, 111, 42, 37, 116) ( 5, 110, 33, 46, 106) (14, 103, 40, 52, 87) (24,91, 45, 47, 85)
(1, 112, 41, 38, 115) ( 5, 112, 27, 52, 104) (14, 105, 38, 54, 86) (25,84, 48, 45, 90)
(1, 113, 40, 39, 114) ( 5, 114, 26, 54, 102) (14, 106, 37, 60, 85) (25,90, 45, 48, 84)
(1, 114, 39, 40, 113) ( 6, 99, 60, 23, 114) (15, 86, 53, 39, 104) (26,82, 56, 42, 93)
(1, 115, 38, 41, 112) ( 6, 101, 52, 30, 111) (15, 87, 51, 41, 102) (26,83, 55, 43, 92)
(1, 116, 37, 42, 111) ( 6, 105, 47, 33, 109) (15, 102, 41, 51, 87) (26,92, 43, 55, 83)
(1, 117, 36, 43, 110) ( 6, 109, 33, 47, 105) (15, 104, 39, 53, 86) (26,93, 42, 56, 82)
(1, 118, 35, 44, 109) ( 6, 111, 30, 52, 101) (16, 85, 57, 39, 101) (27,80, 58, 42, 91)
(1, 119, 34, 45, 108) ( 6, 114, 23, 60, 99) (16, 87, 48, 42, 99) (27,81, 57, 43, 90)
(2, 101, 59, 21, 118) ( 7, 101, 51, 31, 110) (16, 99, 42, 48, 87) (27,90, 43, 57, 81)
(2, 104, 56, 24, 117) ( 7, 104, 48, 32, 109) (16, 101, 39, 57, 85) (27,91, 42, 58, 80)
(2, 105, 55, 25, 116) ( 7, 109, 32, 48, 104) (17, 84, 58, 38, 101) (28,83, 51, 45, 89)
(2, 106, 50, 28, 115) ( 7, 110, 31, 51, 101) (17, 87, 47, 43, 98) (28,89, 45, 51, 83)
(2, 107, 49, 29, 114) ( 8, 97, 60, 25, 112) (17, 98, 43, 47, 87) (29,82, 52, 45, 88)
(2, 114, 29, 49, 107) ( 8, 100, 54, 28, 111) (17, 101, 38, 58, 84) (29,88, 45, 52, 82)
(2, 115, 28, 50, 106) ( 8, 103, 49, 33, 108) (18, 85, 55, 41, 100) (30,81, 53, 44, 89)
(2, 116, 25, 55, 105) ( 8, 108, 33, 49, 103) (18, 86, 50, 42, 97) (30,89, 44, 53, 81)
(2, 117, 24, 56, 104) ( 8, 111, 28, 54, 100) (18, 97, 42, 50, 86) (31,80, 54, 44, 88)
(2, 118, 21, 59, 101) ( 8, 112, 25, 60, 97) (18, 100, 41, 55, 85) (31,88, 44, 54, 80)
(3, 102, 58, 22, 117) ( 9, 100, 53, 29, 110) (19, 84, 56, 40, 100) (32,79, 60, 43, 88)
(3, 103, 57, 23, 116) ( 9, 102, 50, 32, 108) (19, 86, 49, 43, 96) (32,88, 43, 60, 79)
(3, 106, 48, 30, 113) ( 9, 108, 32, 50, 102) (19, 96, 43, 49, 86) (46,71, 58, 55, 74)
(3, 107, 47, 31, 112) ( 9, 110, 29, 53, 100) (19, 100, 40, 56, 84) (46,72, 57, 56, 73)
(3, 112, 31, 47, 107) (10, 97, 57, 29, 109) (20, 87, 46, 44, 95) (46,73, 56, 57, 72)
(3, 113, 30, 48, 106) (10, 99, 55, 31, 108) (20, 95, 44, 46, 87) (46,74, 55, 58, 71)
(3, 116, 23, 57, 103) (10, 108, 31, 55, 99) (21, 86, 46, 45, 94) (47,70, 59, 53, 72)
(3, 117, 22, 58, 102) (10, 109, 29, 57, 97) (21, 94, 45, 46, 86) (47, 72, 53, 59, 70)
(4, 103, 53, 26, 115) (11, 96, 58, 28, 109) (22, 83, 59, 40, 97) (48, 69, 59, 54, 71)
(4, 105, 51, 27, 113) (11, 98, 56, 30, 108) (22, 85, 49, 44, 93) (48,71, 54, 59, 69)
(4, 107, 46, 32, 111) (11, 108, 30, 56, 98) (22, 93, 44, 49, 85) (51,66, 60, 56, 69)
(4, 111, 32, 46, 107) (11, 109, 28, 58, 96) (22, 97, 40, 59, 83) (51,69, 56, 60, 66)
(4, 113, 27, 51, 105) (12, 95, 59, 27, 108) (23, 82, 59, 41, 96) (53,64, 60, 58, 67)
(4, 115, 26, 53, 103) (12, 108, 27, 59, 95) (23, 84, 50, 44, 92) (53,67, 58, 60, 64)
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In terms of the golden ratio τ and the constant κ defined in the previous section, the
isometric involution σ of H 4 is represented by the Lorentzian 5× 5 matrix
−4− 7τ, −1− 3τ, 0, −1− τ, (2+ 3τ )κ
−1− 3τ, −1− τ, 0, 0, (1+ τ )κ
0, 0, 1, 0, 0
−1− τ, 0, 0, 0, κ
−(2+ 3τ )κ, −(1+ τ )κ, 0, −κ, 5+ 8τ

.
The isometry σ :H 4→ H 4 is a rotation of 180 degrees that fixes a 2-dimensional plane
in H 4. In particular, σ fixes the vertex v3, transposes vertices v1 and v5, and transposes
vertices v2 and v4. Hence σ fixes the 2-plane of H 4 containing the triangle with vertices
v3 and the midpoints of the line segments [v1, v5] and [v2, v4].
We shall call the point a of M corresponding to the center of the 120-cell fundamental
domain P of M and the point b of M corresponding to the cycle of the 600 vertices of P
canonical. ThusM has two canonical points a and b.
We now give a short proof of a lemma proved by Abresch and Schroeder [1].
Lemma 1. The isometric involution σ of the (5,3,3,5) Coxeter simplex ∆ induces an
orientation preserving isometric involution of the Davis hyperbolic 4-manifold M that
transposes the two canonical points a and b of M .
Proof. If S is a side of∆ and rS is the reflection ofH 4 in the side S, then σrSσ−1 = rσ(S).
Therefore σΓ σ−1 = Γ . Let K be the subgroup of Γ such that M =H 4/K . ThenK is the
unique normal subgroup of Γ of index 14,400. Now σKσ−1 is a normal subgroup of Γ of
index 14,400; hence σKσ−1 =K . Therefore σ induces an orientation preserving isometry
σ¯ of M such that σ¯ (Kx) = Kσ(x) for all x in H 4. Let v be the vertex of ∆ that is the
center of the 120-cell P as in the proof of Theorem 1. Then σ(v) is a vertex of P . Hence
σ¯ transposes the point a =Kv of M with the point b =Kσ(v) of M . 2
Let δ be the distance from v5 to v3 in H 4. Then
δ = arccosh(−v5 ◦ v3)= arccosh(1+ 2τ )= 2.12255 . . . .
We now take advantage of the inside-out isometry ofM to prove a lemma that will facilitate
our calculations in the next section.
Lemma 2. Every point of the Davis hyperbolic 4-manifold M is within a distance δ from
at least one of the two canonical points a and b of M .
Proof. By symmetry of the 120-cell P , it suffices to prove that every point of the
(5,3,3,5) Coxeter simplex ∆ is within a distance δ from either vertex v1 or vertex v5 in
H 4. Let B be the perpendicular bisector of the line segment [v1, v5] in H 4. The hyperplane
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B of H 4 is invariant under the isometry σ of ∆ and contains the fixed space of σ . The
isometry σ acts as a reflection on B about its fixed space and interchanges the two half-
spaces of H 4 bounded by B . Hence B subdivides ∆ into two congruent polytopes. Let
Q be the polytope that contains v5. The hyperbolic distance function d(v5, x) to v5 is
convex. Hence d(v5, x) attains its maximum value on Q at a vertex. The vertices of Q are
v3, v4, v5, the midpoints of the line segments [v1, v5] and [v2, v4], and the intersections of
B with the line segments [v1, v4] and [v2, v5]. The furthest vertex from v5 is v3 which is at
a distance δ. 2
6. The injectivity radius of the Davis hyperbolic 4-manifold
The injectivity radius of a closed hyperbolic manifold is one-half the length of a shortest
closed geodesic. Let C be a closed geodesic in the Davis manifold M = H 4/K . The
geodesic C is represented by the axis L of a nontrivial element g of K and the length
λ of C is the translation length of g along L. Represent g by a Lorentzian 5× 5 matrix
A. Then the translation length of g is the logarithm of the largest real eigenvalue of A, see
Greenberg [5] for a discussion.
By Lemma 2, the geodesic C is within a distance δ from one of the canonical points
a and b of M . By applying the inside-out isometry of M , if necessary, we may assume
some point of C is within a distance δ from a. The point of C nearest to a is represented
by the point u of L nearest to the center v of the 120-cell P . The line segment [u,v] is
perpendicular to L, since u is the point of L nearest to v. The isometry g translates u a
distance λ along L to the point gu and transforms the line segment [u,v] to a line segment
[gu,gv] perpendicular to L.
We want to establish an upper bound on the distance d(v, gv) in terms of λ. The
furthest gv can be from v is when g rotates [u,v] a full 180 degrees about L. Then the
points u,v, gu,gv all lie on a 2-dimensional plane and the line segments [u,gu] and
[v,gv] intersect at their midpoints w. The points u,v,w and gu,gv,w are the vertices
of congruent right triangles. See Fig. 1. By the hyperbolic theorem of Pythagoras,
coshd(v,w)= coshd(u, v) coshd(u,w).
Now we have d(u, v)6 δ and d(u,w)= λ/2. Therefore, we have
cosh
(
d(v, gv)/2
)
6 cosh(δ) cosh(λ/2).
The Davis manifold M has some obvious short closed geodesics. The line segments
joining the centers of opposite sides of the 120-cell P represent 60 closed geodesics in M
that meet only at the canonical point a of M . The length λ2 of these closed geodesics is
given by
λ2 = 2arccosh(−v4 ◦ v5)= 2arccosh(1+ τ )= 3.23384 . . . .
By applying the inside-out isometry of M , the 60 closed geodesics of length λ2 that meet
at a are transformed into another 60 closed geodesics of length λ2 that meet only at the
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Fig. 1. The self-intersecting quadrangle formed by the points u,v,gu,gv.
canonical point b of M . These 60 closed geodesics are represented by the edges of the
120-cell P . Thus there are at least 120 closed geodesics in M of length λ2.
Let C be a closed geodesic of length λ 6 λ2. Then C is represented by the axis of a
nontrivial element g of K . From the previous discussion, we have
cosh
(
d(v, gv)/2
)
6 cosh(δ) cosh(λ2/2).
Therefore, we have the upper bound
d(v, gv)6 6.19433 . . . .
Now since the orbit Kv is discrete, there are only finitely many elements of K satisfying
the last inequality.
The point gv is the center of the 120-cell gP of the tessellation P . The line segment
[v,gv] intersects a side S of gP with v and gv on opposite sides of the hyperplane 〈S〉
spanned by S. The 120-cell gP is adjacent to a 120-cell fP of the tessellation P along
their common side S. The point v is nearer to the center f v of the 120-cell fP than gv,
since the hyperplane 〈S〉 is the perpendicular bisector of the line segment [f v,gv]. By
repeating the above argument with gv replaced by f v, we deduce by induction that there
is a sequence g0, g1, g2, . . . , gn of elements of K such that g0 = 1, the 120-cells gi−1P
and giP share a common side for each i = 1,2, . . . , n, we have gn = g, and
d(v, g1v) < d(v, g2v) < · · ·< d(v,gnv).
Using a computer program, we searched for all sequences g0, g1, . . . , gn satisfying the
above properties and such that
d(v, gnv)6 6.19433 . . . .
We determined from this search that the length λ1 of a shortest closed geodesic of the
Davis manifold M is given by
λ1 = arccosh
( 3
2 + 4τ
)= 2.76514 . . . .
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Fig. 2. Opposite line segments that represent a shortest closed geodesic of the Davis hyperbolic
4-manifold and a vertical line segment that represents a second shortest closed geodesic drawn
conformally on a 2-dimensional cross section of the 120-cell P .
For example, in terms of the 120 side-pairing maps x1, . . . , x120 defined in Section 4, the
sequence g0 = 1, g1 = x1, g2 = x1x119 satisfies all the above properties. The axis of the
hyperbolic translation x1x119 covers a closed geodesic of M of length λ1 that is nearer to
the point a than b.
The Davis manifold M has 720 closed geodesics of length λ1. There are 360 closed
geodesics of length λ1 that are nearer to the point a than b. Each of these geodesics is
represented by a pair of opposite line segments of the 120-cell P joining the centers of
adjacent sides of P . See Fig. 2. Each of the other 360 closed geodesics of length λ1 is
represented by a pair of opposite line segments of a side S of P that join the centers of
adjacent edges of S.
We also determined that λ2, as defined above, is the length of the second shortest closed
geodesic of the Davis manifold M and that M has exactly 120 closed geodesics of length
λ2, as described above.
Theorem 2. The injectivity radius rinj of the Davis hyperbolic 4-manifold M is given by
the formula
rinj = arccosh
( 1
2 + τ
)= 1.38257 . . . .
Proof. The injectivity radius of M is λ1/2. 2
It is worth noting that the 2-dimensional analogue of the Davis manifold M is the
orientable hyperbolic surface of genus 2 formed by identifying opposite edges of a regular
decagon with angles 2pi/5 by translations. Shortest closed geodesics of M lie on such a
surface in M as indicated in Fig. 2. Thus the injectivity radius of M is the same as this
surface. This surface will be described in detail in Section 8.
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7. The group of isometries of the Davis hyperbolic 4-manifold
Abresch and Schroeder [1] proved that the Davis manifold M has at least 28,800
isometries. We next show that these are the only isometries of M by exploiting the
geometry of the closed geodesics of M of length λ2.
Theorem 3. The group G of isometries of the Davis hyperbolic 4-manifold M is a split
extension of the symmetry group of the regular 120-cellP by a group of order 2 represented
by the inside-out isometry of M . The group G has order 28,800.
Proof. The 120 closed geodesics of M of length λ2 meet each other only in the points a
and b. An isometry of M maps a closed geodesic to a closed geodesic of the same length.
Hence an isometry of M must leave invariant the set {a, b} of canonical points of M .
By Lemma 1, the group of isometries G of M is a split extension of the group Ga , of
isometries of M that fix the point a, by a group of order 2 represented by the inside-out
isometry of M .
The side-pairing of the 120-cell P defining M is invariant with respect to the group of
symmetries of P . Therefore, the group of symmetries of P projects isomorphically to a
group of isometries of M that fix the canonical point a of M .
Let ξ be an isometry of M that fixes the point a. Then ξ lifts to an isometry ξ˜ of H 4
that fixes the center of P . Now since ξ also fixes the canonical point b of M , the isometry
ξ˜ leaves invariant the set of vertices of P . Hence ξ˜ is a symmetry of P . Thus the group of
symmetries of P projects isomorphically onto the groupGa of isometries ofM that fix the
point a. 2
The Davis manifold M has Euler characteristic 26. Greg Kuperberg pointed out to us
that, because of the isometric involution of the (5,3,3,5) Coxeter simplex, the Davis
manifold M could possibly double cover a nonorientable hyperbolic 4-manifold of Euler
characteristic 13. We have checked all the isometric involutions of M and all of them
have fixed points. Therefore, the Davis manifold M does not double cover a hyperbolic
4-manifold. Moreover, since 13 does not divide the order of the group of isometries of
M , the Davis manifold M does not regularly cover a hyperbolic 4-manifold of Euler
characteristic 1 or 2.
8. Spin structures on the Davis hyperbolic 4-manifold
In this section, we show that the Davis hyperbolic 4-manifold M has a spin structure.
Since the homology of M is torsion-free, M has a spin structure if and only if its
intersection form is even. The second homology of the Davis manifold is a free abelian
group of rank 72. We will describe 72 totally geodesic closed orientable surfaces of genus
2 in M that represent generators of the second homology of M . Each of these surfaces
can be infinitesimally perturbed to a disjoint surface in the manifold, so these generators
of the homology have self-intersection numbers of 0. This implies the intersection form of
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M is even and so the Davis manifold M has a spin structure. The spin structures of a spin
manifold are in one-to-one correspondence with the first homology with Z2-coefficients.
Therefore, the Davis manifold has 224 distinct spin structures.
The simplest way to calculate the homology of the Davis manifold is to use the cellular
decomposition of the manifold derived from the gluing of the 120-cell P used to define the
manifold. From the enumeration of cells of P and the determination of cycles in the gluing
of P , one directly determines boundary maps from the 3-chains to 2-chains and from 2-
chains to 1-chains. The generators of the 3-chains are the (oriented) dodecahedral sides of
P modulo the identification of opposite sides by the side-pairing maps. The boundary of
a dodecahedron is a sum of 12 (oriented) pentagonal ridges of P modulo the ridge cycle
identifications. In a dodecahedral side of P no two of the ridges belong to the same ridge
cycle of the manifold. The generators for 2-chains are the (oriented) pentagonal ridges of P
modulo ridge cycles with boundary a sum of 5 (oriented) edges of P modulo edge cycles.
The edge cycles are such that each edge in a dodecahedral side is identified with the edge
antipodal in the side by a translation in that side.
This information is enough to determine two specific kinds of 2-cycles. The first is a sum
of any two opposite ridges in a dodecahedral side (with orientation taken so the boundary
of the sum is zero). The second is to take a sum of any ridge and its five neighbors in
a dodecahedral side (again with appropriate orientation). At first sight one would count
1440 2-cycles of the first kind but after identification of ridge cycles in P and up to sign
changes there are just 72 different 2-cycles of the first kind. Unfortunately, these fall short
of generating the second homology, as it turns out they generate a subgroup of index
236. Likewise one could start with 1440 2-cycles of the second kind, but one quickly
discovers relations between these 2-cycles modulo boundaries, discovering for example
that the boundary of a dodecahedral side is simply a sum of two 2-cycles of the second
kind. One can find 72 of the second kind of 2-cycles that are linearly independent, but
again they fall just short of generating the second homology, they generate a subgroup of
index 2. Fortunately, 2-cycles of the first and second kind together generate the second
homology, in fact 1 of the first kind and 71 of the second kind suffice.
We now briefly describe how these homology calculations were carried out. By
considering the boundary maps ∂3 :C3 → C2 and ∂2 :C2 → C1 of the cellular chain
complex for M , we derive direct sum decompositions C2 ∼= Z2 ⊕ B1 and Z2 ∼=H2 ⊕ B2
which together yield a direct sum decomposition C2 ∼=H2 ⊕B1 ⊕B2. By simultaneously
row and column reducing the matrices of ∂3 and ∂2 with respect to the standard bases, we
can find a new basis for C2 that respects the direct sum decompositionC2 ∼=H2⊕B1⊕B2.
In particular, we find that B1 and B2 both have rank 36. The determinant of the 144× 144
matrix of one 2-cycle of the first kind and 71 2-cycles of the second kind and the bases of
B1 and B2 expressed in terms of the standard basis for C2 is 1, and so one 2-cycle of the
first kind and 71 2-cycles of the second kind generate the second homology of M .
To compute self-intersection numbers, we will need to consider 2-cycles that are not
unions of ridges. The 2-cycles of the first kind already represent totally geodesic surfaces
in the manifold, opposite ridges in a dodecahedral side of P actually line up antipodally
around any of their identified edges. To simplify 2-cycles of the second kind, we will
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Fig. 3. A regular decagon with angles 2pi/5 and two regular pentagons with angles pi/5 that represent
two totally geodesic orientable surfaces of genus 2 in the Davis 4-manifold drawn projectively in a
3-dimensional cross section of the 120-cell P .
transform our set of generators for the second homology by the inside-out isometry of the
Davis manifold. The resulting 2-cycles though not homologous to the original 2-cycles
will, of course, also generate the second homology of M . The inside-out isometry of the
Davis manifold takes 2-cycles of the first and second kind in a side S of P to 2-cycles in a
hyperplaneQ through the center of P .
The intersection of the hyperplane Q with P is a truncated, hyperbolic, ultra-
ideal triacontahedron T . A triacontahedron is a quasiregular convex polyhedron with
30 congruent rhombic faces. In a triacontahedron five rhombi meet at each vertex with
acute angles and three rhombi meet at each vertex with obtuse angles. A hyperbolic
ultra-ideal triacontahedron is a triacontahedron centered at the origin in the projective
disk model of hyperbolic 3-space whose order 5 vertices lie outside the model (hence
are ultra-ideal) and whose order 3 vertices lie inside the model. A truncated ultra-ideal
triacontahedron is obtained from an ultra-ideal triacontahedron by truncating its order
5 vertices yielding a polyhedron with 12 pentagonal faces corresponding to the order 5
vertices and 30 hexagonal faces corresponding to the truncated 30 rhombic faces of the
triacontahedron. All the pentagonal faces of T are ridges of P . Each hexagonal face of T
is a cross section of a side of P that joins two antipodal edges of the side. See Fig. 3.
Antipodal hexagonal faces of the triacontahedron T are identified in the manifold by a
translation, since they are intersections of sides of P with the hyperplaneQ, and T extends
to a totally geodesic hypersurface in the manifold by extending across the two identified
sides of P whose centers lie on the line through the center of P normal to Q.
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The inside-out isometry takes the vertex cycle to the center of T , the cycles of midpoints
of edges of the side S to the centers of the hexagonal faces of T , the centers of the faces of
S to the centers of the pentagonal faces of T , the center of S to the cycle of the 20 vertices
of T incident only with hexagonal faces of T .
A 2-cycle of the first kind in the side S is taken by the inside-out isometry to a 2-cycle
represented by the regular decagonD in Fig. 3 lying in a 2-dimensional plane through the
center of T . The decagon D is equivalent to the decagon in Fig. 2 by a symmetry of the
120-cell P . Each side ofD is a diameter of a side of P joining the centers of opposite faces
of the side. The decagon D glues up by opposite side-pairing by translations to a totally
geodesic surface in M .
A 2-cycle of the second kind in the side S is represented by the union of a pentagonal
face of S and its five adjacent faces of S. This 2-cycle is homologous within S to the 2-
cycle represented by the union of the 10 triangles in S that form the cone from the center
of S to the boundary of the union of the six pentagons by pushing the center of the central
pentagon towards the center of S. These 10 triangles are taken by the inside-out isometry
to the cone from the center of T to the boundary of the union of the two totally geodesic
regular pentagons in Fig. 3. The 2-cycle represented by the cone to the boundary of the
union of the two pentagons is homologous within T to the 2-cycle represented by the union
of the two pentagons in Fig. 3 by separating and pushing the two cone points towards the
centers of the pentagons. Therefore a 2-cycle of the second kind is homologous to a 2-
cycle representing a totally geodesic surface that is taken by the inside-out isometry to the
surface obtained by gluing antipodal sides of the two pentagons in Fig. 3 by translations
across T . Note that each side of these two pentagons is a diameter of a side of P joining
the centers of antipodal edges of the side.
Finally, all of these totally geodesic surfaces can be pushed off to disjoint surfaces, this
being most easily seen for the totally geodesic surfaces in Q by translating each point of
a surface a small distance in a direction perpendicular to the hyperplane Q. Since neither
of the surfaces in Q includes a vertex of P , and the intersections of each surface with
the boundary of P is in edges, ridges, and sides of P perpendicular to Q, we can do this
consistently with the identifications of P giving the Davis manifold.
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